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Abstract: In this paper, the near-to-far field transformation is proposed to predict the far fields of metamaterials
from the near-field measureddata, which can be achieved by two-dimensional (2D) near-field microwave scanning
apparatus (2D mapper). The 2D mapper is a near-field scanning system, from which the far-field data cannot be
obtained directly. The near-to-far field transformation method has been studied to predict the far fields from the
known near-field information, which will make the 2D mapper more efficient in the measurement of metamaterials.
The correctness and feasibility of the proposed transformation are verified by both numerical simulations and
experiments.
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1. Introduction
In the past a few years, metamaterials have been achieved great developments and attractions.
In the early time, people have committed to the theoretical study of metamaterials, and some
exciting results have been obtained [1, 2]. As the development of metamaterials, the pure
theoretical study was insufficient for the research of metamaterials, and then great efforts have
been made to find structures to construct metamaterials. For example, the metal wires [3],
split-ring resonators (SRR) [4], electric inductive-capacitive (ELC) resonators [5], and some
other structures [6, 7] of periodic configurations were introduced to achieve metamaterials, which
can be treated as the effective artificial media. The effective medium parameters such as
permittivity and permeability of an artificially-structured metamaterial can be retrieved from the
full-wave electromagnetic simulations [8, 9], and a series of interesting results were obtained
from the above structures [10, 11]. Nowadays, the main method to confirm the properties of
metamaterials is that we compare the measured transmission, reflection, and scattering properties
with the effective medium simulations. Some measurement methods have been introduced in
Refs. [12]-[14]. However, only the near fields of metamaterials can be obtained by the
two-dimensional (2D) measurement apparatus (2D Mapper). It is difficult to get the far-field
information due to the restrictions of the measurement instruments.
The near-to-far field transformation is an effective method in the compact-range measurements
of antennas scatterers, which can obtain the far fields an antenna or a target from the
three-dimensional measured near-field data [15-18]. The conventional methods to analyze the
near-to-far field transformation include the modal expansion and the integral equation approaches
[17]. The veracity of such methods has been verified [15-18]. The idea of near-to-far field
transformation is very useful for the metamaterial study.
In this paper, we propose the near-to-far field transformation in two dimensions. Such a
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method is used to predict the far fields of metamaterials from the near-field measured data, which
can be achieved by the 2D near-field microwave scanning apparatus (2D mapper). The 2D
mapper is a near-field scanning system, from which the far-field data cannot be obtained directly
[12-14]. Hence the proposed method will make the 2D mapper more efficient in the measurement
of metamaterials. The correctness and feasibility of the proposed transformation are verified by
both numerical simulations and experiments.

2. Theory of near-to-far field transformation
We use the effective magnetic current method to realize the near-field to far-field
transformation. Such a method utilizes the measured near-field data to reconstruct the equivalent
magnetic current sources over a virtual surface which encompass the metamaterial target. Once
the equivalent magnetic current sources are determined, the near fields outside of the virtual
surface and the far fields can be obtained.
Consider a 2D arbitrarily-shaped metamaterial target, as shown in Fig. 1(a). A virtual surface
S1, which is a circle with radius Rs, encompasses the target. We assume that S2 is the near-field
detection circle with radius Rm. We use the measured near-field data over S2 to determine the

equivalent magnetic current M over S1. Once the equivalent magnetic current is determined,
then the near fields and far fields of the metamaterial target will be obtained. Based on the
Huygens' principle, the electromagnetic wave outside S1 can be determined by the equivalent
magnetic current sources over S1. From the Maxwell's equations, the electric field generated by a
magnetic current source in a homogenous medium is expressed as
 

1
E M = − ∇ × Ae，
ε0
(1)

( )

Fig. 1 The equivalent problem with an equivalent magnetic current source, in which S1 is the virtual surface for the
equivalent magnetic current and S2 is the near-field detection surface. (a) Equivalent model. (b) The
discretization of the equivalent model.
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where Ae is the electric vector potential defined as

  '
  '
Ae = ε 0 ∫ M ρ g ρ , ρ dl ' ,

( ) ( )

S1

(2)

in which

)

(

( )

  '
  '
j
g ρ, ρ =
− H 0( 2) k0 ρ − ρ ,
4

(3)

k0 is the wave number in free space, and

=
∇ xˆ

∂
∂
+ yˆ .
∂y
∂x

(4)

The method of moment (MOM) has been applied to calculate the effective magnetic current. We
divide the near-field detection surface S2 into Nm elements equally. Hence the sampling length of
each element is δ=
lm Rm ⋅ δϕ , in which δϕ = 2π N m . The effective magnetic current surface
S1 is also divided in to N s elements equally ( N s = N m ), and the sampling length is
δ l=
Rs ⋅ δϕ , as shown in Fig. 1(b). In the engineering applications, the maximum sampling
s
length (δ lm )max = λ0 2 can be obtained by the sampling theory [20]. Hence the electric field in

the j ' -th element of S2 generated by the i -th effective magnetic current element of S1 can be
calculated by using Eqs. (1)-(4).

The electric vector potential Aeij ' can be obtained from Eq. (2)

(

)


Aeij ' =
− I ε 0 M i H 02 k0 ρij ' ( xˆ cos θi + yˆ sin θi ),
in which ρij ' =

(x

element and the

'
j

− xi ) + ( y 'j − yi )
2

2

(5)

is the distance between the i-th effective magnetic current

j ' -th electric-field sampling point, and ( xi , yi ) and ( x j ' , y j ' ) are the

2
4
corresponding coordinates. I =j 0.5 x0 1 − ( k0 x0 ) 12 + ( k0 x0 ) 320  , in which x0 = δ ls 2 . θi



is the angle between M i and the x axes. Substituting Eq. (5) into Eq. (1), the j ' -th electric field
on S2 generated by the i -th effective magnetic current element will be achieved as

k
ˆ i I 0 H1( 2) k0 ρij ' yij ' cos θi − xij ' sin θi .
=
E ij ' zM

ρij

(

)(

)

'

(6)

in which xij=' x 'j − xi and yij=' y 'j − yi . Hence the total electric field in j ' -th sampling point is
obtained

=
E j'

Ns

k0

∑M I ρ
i

1

H1(

2)

( k ρ )( y
0

ij '

ij '

)

cos θi − xij ' sin θi .

ij '

(7)

From Eq. (7), a matrix equation on the unknown magnetic current M can be set up
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Z • M=E,

(8)

where

=
Z ij I

(

k0

ρij

H1( 2) k0 ρij '

)( y

ij '

)

cos θi − xij ' sin θi .

'

(9)

Hence we can determine the equivalent magnetic current sources over S1 using the measured
near-field data over S2 from Eq. (8), and the electromagnetic fields outside S1 can be then
obtained by the equivalent magnetic current sources over S1.
When ρ >> xi , y j , the Hankel function can be considered by its large-argument approximation
( 2)

H0

(

)

  '
k0 ρ − ρ ≈

2 j π4 jk0 ( xi cosφ + yi sin φ )
.
e e
π k0 ρ

(10)

Then the radiation electric field can be obtained from Eqs. (1) and (2) with the known effective

magnetic current M :

2j
jk x cos φ + yi sin φ )
ˆ
.
E ( ρ ,φ ) =
jk e − jk0 ρ ∑ M i ( sin θi cos φ − cos θi sin φ )e 0 ( i
− zI
π k0 ρ 0

(11)

From Eq. (10), the function of the far-field radiation pattern for the metamaterial target can be
expressed as

=
F (φ )

∑ M ( sin θ cos φ − cos θ sin φ )e
i

i

jk0 ( xi cos φ + yi sin φ )

i

.

(12)

where φ is the angle between the far-field vector and the x axis.

3. Experimental and numerical results
In this section, we will verify the correctness and accuracy of the proposed near-to-far field
transformation for the metamaterial 2D Mapper system. First, we consider an antenna array
composed of two infinite-long current filaments, which has closed-form solutions for both near
and far fields. The two currents have the same magnitude but opposite phases, whose working
frequency is 7.5 GHz. The distance between the two sources is λ/2=0.02 m. Fig. 2 shows the
full-wave simulation results of the electric field distribution in the near-field region based on the
finite element method (FEM), in which the current amplitude is set as I=0.001 A and the two 2D
current sources are located at the points (0, 0.01)m and (0, -0.01)m, respectively. The
corresponding measurement results using the 2D Mapper are shown in Fig. 3. Because of the
singularity, the fields near to the dipole source are so strong that the field distribution in the other
region cannot be displayed clearly. Hence the field around the source is not plotted here.
The measurement system is a parallel-plate waveguide apparatus in the X band frequency, as
shown in Fig. 4. The top and the bottom plates are both aluminums to serve as perfectly electric
conductors (PEC), and the distance between two plates is 13 mm. In the actual measurement
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process, the 2D line source (a dipole antenna) is located at the point (0, 0.01) m, and an aluminum
sheet is placed along the line y=0 m as a PEC plane. The measured electric field distribution is
shown in Fig. 3(a). From the image theory, we may replace the PEC sheet with an image source
located at the point (0, -0.01) m, which has the same magnitude and opposite phase to the original
source. Hence the 2D line source and the PEC plane in the measurement system is equivalent to
the two-element antenna array mentioned earlier, which should have the same properties
compared to the simulation one in Fig. 2. The experimental result of the electric field distribution
after using the image theory is illustrated in Fig. 3(b). Comparing Figs. 2 and 3(b), the simulation
and experiment results have good agreements, which show good correctness and accuracy of the
proposed method.

Fig. 2 The full-wave simulation result of near-field distribution for the two-element currents based on the FEM
method.

Fig. 3 The measurement results of near-field distributions. (a) The direct measurement result for single current
source and a PEC plane. (b) The expanded measurement result for two current sources based on the image
theory.
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Fig. 4 The 2D near-field microwave scanning apparatus to measure the near fields shown in Fig. 2.

Fig. 5 The far-field radiation patterns of the two-element current array: a comparison among the near-to-far field
transformation results (both simulation and measurement) and the closed-form solution.

The far-field radiation patterns from the near-to-far field transformation using the measured
near-filed data and simulated near-field data, respectively, and from the closed-form solution are
demonstrated in Fig. 5. From Fig. 5, we clearly see that the analytical result has a perfect match
to the near-to-far field transformation using the simulation data, which are nearly the same. Both
results have good agreement to the near-to-far field transformation using the measured data.
Hence the proposed near-to-far field transformation method is accurate to predict the far fields
for the 2D mapper.
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To further validate the accuracy of the proposed near-to-far field transformation for the 2D
Mapper, we then apply the method to calculate the scattering width of a 2D dielectric cylinder.
The circular dielectric cylinder has a radius of R=0.3λ, which is illuminated by TM waves with
unit amplitude of electric field. The incident waves are z-direction polarized and propagate along
the x direction. The parameters of the dielectric cylinder are εr=4 and μr=1. Fig. 6 shows the
full-wave simulation results using the FEM method, in which the total and scattered electric
fields are demonstrated in Figs. 6(a) and 6(b), respectively.

Fig. 6 The near-electric-field distributions of the 2D dielectric cylinder illuminated by the TM-polarized plane waves.
(a) The total electric field. (b) The scattered electric field.

Fig. 7 The scattering width of the dielectric cylinder illuminated by the TM-polarized plane waves.
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Fig. 8 The near-electric-field distributions of the 2D dielectric cylinder illuminated by the line source. (a) The total
electric field. (b) The scattered electric field.

Fig. 9 The scattering width of the dielectric cylinder illuminated by the line source.

Now we apply the near scattered fields to generate the effective magnetic sources around the
scatterer. Based on the near-to-far field transformation, the far-field scattering width of the
dielectric cylinder has been computed, as shown in Fig. 7. As a comparison, a direct computation
of the scattering width is also conducted using the Mie series solution, as illustrated in Fig. 7. For
the same dielectric cylinder, under the excitation of a 2D line source, the full-wave simulation
results of near-field distributions based on FEM are demonstrated in Fig. 8. Using the near-to-far
field transformation, the far-field scattering width is calculated, as shown in Fig. 9. Again, a
direct computation of the scattering width using the Mie series is also given for comparison.
From Figs. 7 and 9, the two results have perfect match in both excitations, which verify the
accuracy of the proposed near-to-far field transformation for the 2D Mapper.
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Fig. 10 The gradient-index metamaterial lens antenna. (a) The full-wave simulation result of near field using FEM.
(b) The far-field radiation pattern of the antenna.

Finally, we design a metamaterial lens antenna, which is similar to a Luneberg antenna [19].
The lens has the circular symmetrical configuration, whose radius is R=0.2 m, and the
corresponding simulation result using FEM are illustrated in Fig. 10(a). In the antenna model, the
line source is located at the edge of the circular lens. The parameter distributions are given by
εr=2-r/R and μr=1, in which 0<r<R. The current of excitation is I=0.001 A at the frequency of 3
GHz. From Fig. 10(a), we clearly see that the cylindrical waves emitted from the line source are
quickly transformed the plane waves, which can be used as high-gain antenna. Based on the
near-field distribution, the far-field radiation pattern of the metamaterial antenna is predicted
using the proposed method, as shown in Fig. 10(b). Clearly, the antenna has a very good
performance with high gain and low sidelobes.

5. Conclusions
In this paper, we propose a near-to-far field transformation to predict the far fields of
metamaterials using the simulation or measurement near-field results from the 2D mapper system.
The correctness and accuracy of the proposed transformation are verified by both numerical
simulations and experiments.
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